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Fig. 2 Diagram showing layout of � nite element model and the
node positions where the masses, i and ii, and the beams, I and
II, can be placed.

Fig. 1 Tailplane arrangement showing the point of load appli-
cation, the spring mountings, and the positions where measure-
ments were taken and masses could be added.

Table 2 Comparison of the modi� ed GA with more standard
single-run GAsa

Population Generations
Functional
evaluations

Objective function

Best Mean
Standard
deviation

Modi� ed GA 15,300 1.67 1.94 0.35
100 153 15,300 1.96 5.06 1.96
153 100 15,300 2.58 3.36 0.89
300 51 15,300 2.34 3.82 0.88
51 300 15,300 2.15 3.02 0.71
30 500 15,000 2.73 3.47 0.42

500 30 15,000 3.34 3.81 0.33
a
Each form of GA was run eight independent times.

Table 1 Added masses for the three con� gurations

Con� guration Added mass

1 2.0 kg at 1 and 11
2 0.2 kg at 1 and 11, 0.9 kg at 4 and 8
3 1.2 kg at 1 and 11, 0.575 kg at 2 and 10
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Introduction

S TRUCTURAL dynamic analyses for aircraft structures
typically employ mathematical models that are consider-

able idealizations of the actual aircraft structure. Often these
models are developed by taking experimentally determined
modal frequencies and mode shapes from a ground vibration
test (GVT) and adjusting the model to give better correlation.
These processes are often based on deterministic methods with
the explicit or implicit constraint that the changes to the model
from the initial conditions are kept to a minimum.1 No such
constraints will be required in the method presented in this
Note.

It is proposed that a more ef� cient means of obtaining such
models is to start the process with GVT results and then, by
use of an optimization tool such as a genetic algorithm (GA),
create the model directly from these data with as few as pos-
sible a priori assumptions.

The inverse structural problem of determining the single un-
known of the impact location on a beam has been tackled using
a GA as described in Doyle.2 GAs have been used for � nite
element model re� nement with simulated data for a truss struc-
ture and solving for three unknowns by Larson and Zimmer-
man3 and for three unknowns for a beam using experimental
data in Dunn.4 The results of applying a modi� ed GA, which
is shown to be more ef� cient for this problem than a standard
GA, will be presented here for the identi� cation of a model
for a simple tailplane with eight unknowns.

Aerospace Airtrainer CT4 Tailplane
The test article used here was the tailplane of a CT4, a

propeller-driven military trainer. The structure is of a tradi-
tional aluminium construction involving two spars, ribs, and a
riveted skin. The tailplane was mounted on springs and loaded
at its tip as shown in Fig. 1. The loading consisted of band-
limited white-noise (0 – 100 Hz) and accelerations were mea-
sured at the six locations shown in Fig. 1 with a roving ac-
celerometer. The transfer function between the accelerometer
readings and the measured load input was determined. It was
these transfer functions that were then used in the model iden-
ti� cation process.
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Three con� gurations consisting of the tailplane arrangement
with different added masses (Table 1) were tested. The mount-
ing, loading, and added masses were such that no torsional
modes were excited.

Objective Function
Given the frf measurements at the ith freedom and the j th

frequency , and the predictions xi, j based on the estimatedx 9i, j
model properties p, we can write the objective function as

N n

min[«(p)] = ux ( p) 2 x 9 u (1)i, j i, jOO
j=1 i=1
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Fig. 3 Identi� ed and predicted dynamic behavior of the tailplane loaded as shown in Fig. 1. The dashed line represents the identi� ed
and predicted response of the � nite element model and the solid line shows the measurements.

where N and n represent the number of measured frequencies
and freedoms used in the optimization process, respectively.

The model to be determined is as shown in Fig. 2. The
unknown parameters are 1) the stiffnesses of beams I and II,
2) the magnitudes of the masses i and ii, 3) the node location
of the change in stiffness, 4) optimal node location of the
masses, and 5) the stiffness of the mounting springs. These
unknowns lead to a search in eight-dimensional space with the
continuous variables of the stiffnesses and masses being de-
� ned with eight-bit resolution within the GA.

Model Identi� cation Using Genetic Algorithms
For the identi� cation process as used here it is assumed that

the structure geometry is known, as is the location of the ac-
celeration measurements and load input. The aim of the iden-
ti� cation is to determine the structural properties so that the
difference between the measured transfer functions and those
predicted by the model are minimized. The reasons for using
transfer function data in the identi� cation process are discussed
in Ref. 4.

The basic form of the GA used here is described in detail
by Dunn4; a modi� cation that has been found to be of use in
this problem and is analogous to a technique described in Ref.
5 is described as follows. Carry out a GA n times, and then
for the (n 1 1)st time, the previous n solutions are added to
the initial population. The aim of such a technique is that the
initial solutions will have some attractive features that, in the
subsequent runs, will be shared between these solutions via
the mechanism of crossover.

This was implemented for the problem described here as
follows:

1) Run the standard GA 10 independent times with a pop-
ulation of 30 for 30 generations; the initial population of 30
is randomly created.

2) Take the 10 solutions from the previous step and a ran-
domly selected population of 30 and run the GA now with a
population of 40 for 30 generations and so on.

3) Take the 14 solutions from the 14 previous GAs, now
with a population of 44 for 30 generations.

After all of this, 15,300 cost function evaluations had been
carried out. The standard GA as described by Dunn4 was run
for various populations and numbers of generations using ap-
proximately the same number of function evaluations as the
modi� ed GA. Each solution technique was carried out eight
independent times for con� guration 1 (as shown in Table 1)
and the results for the � nal solutions of each run are shown in
Table 2. The results presented in Table 2 show that the addi-
tional complexity of the modi� ed technique is worthwhile.

Predictions Based on the Identi� ed Model
The identi� cation was carried out on the tailplane in con� g-

uration 1 as shown in Table 1. The frequencies used in the
cost function determination and the frf predicted by the iden-
ti� ed model are shown in Fig. 3 (note, results for the nodes
not shown exhibited similar agreement).

The aim of the identi� cation is to determine a model that
will predict the structure’s dynamic behavior under different
conditions. Adjusting the identi� ed model to account for the
known changes in mass distribution, the predicted frf, and the
measured response for the tailplane in con� gurations 2 and 3
are shown in Fig. 3.

Conclusions
This Note has demonstrated how a modi� ed genetic algo-

rithm can be a powerful tool in estimating the structural prop-
erties that best represent an aircraft component in a � nite el-
ement model. The ef� cacy of the modi� ed approach, which is
based on running quick GAs and then allowing these solutions
to crossbreed in subsequent runs, has been shown in compar-
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ison with more standard GAs. The suitability of the identi� ed
model was demonstrated by showing its predictive capabilities
against tests with signi� cantly different mass distributions.
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Introduction

T HE trailing wake model employed by classical � nite wing
theory is a thin vorticity sheet that leaves the trailing edge

in the freestream direction. Although this straight wake differs
from the physical, force-free wake shape, it is drag free, since
the wake vorticity is parallel to the freestream. This fact en-
ables accurate induced drag computation with straight wakes
by integration of the wake properties in the Trefftz plane. The
use of straight wakes in linear potential methods is well estab-
lished, providing suf� cient accuracy for most engineering anal-
yses.

Although the potential for reducing drag may be small, the
in� uence of the force-free wake on induced drag has become
the subject of active research. A study of the nonlinear effects
of wake shape on induced drag requires Trefftz-plane integra-
tion on the force-free wake. However, any error in the com-
puted wake shape will produce an error in the integrated drag,
since the wake is no longer force-free. This Note presents a
novel wake relaxation scheme that was developed to enable
accurate Trefftz-plane integration of induced drag with force-
free wakes.
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Background
References 1 – 3 have demonstrated that surface-pressure in-

tegration is an unreliable method of computing induced drag.
Errors arising from inadequate resolution of the pressure dis-
tribution may be planform dependent, leading to incorrect con-
clusions about the in� uence of planform shape on induced
drag.1,2 When panel methods are used, the induced drag may
be determined by surveying the trailing wake properties and
numerically evaluating the well-known Trefftz plane integral.
Reference 1 described the application and accuracy of this
technique using the Boeing A502 high-order panel code.4 All
induced drag values presented in this Note were computed by
this technique.

Linear panel methods require that the wake geometry be
prescribed, and so either a straight wake model or a model of
the force-free wake shape must be obtained. A variety of tech-
niques exist for computing the force-free wake shape down-
stream of the wing. The most widely used methods use a dis-
crete vortex – lattice model of the wing and wake.5– 7 The
velocities induced on the wake are computed and an iterative
procedure is used to displace the wake to align it with the local
� ow. A viscous core model is required to prevent erratic be-
havior of the vortex � laments when they pass near each other.
Reference 8 describes an alternative method of relaxing a dis-
tributed-vorticity wake sheet, using a smoothing algorithm to
prevent erratic behavior along the outboard edge. Once the
force-free wake shape is created, it can then be converted to
a panel geometry for Trefftz plane drag analysis by the high-
order panel code.

Errors Associated with Vortex – Lattice Wake
Relaxation Schemes

A time-marching vortex – lattice wake relaxation program5

was used to create a force-free wake model for an elliptical
wing [aspect ratio, (AR) = 7, with straight trailing edge] at
4.0-deg angle of attack. This wing was chosen based on a
hypothesis described in Refs. 9 and 10, indicating that a
straight wake model and an accurate force-free wake model
should produce the same Trefftz-plane drag for this planform.
A panel model of the same wing was created with NACA 0012
airfoils and a panel representation of the force-free wake ge-
ometry from the vortex – lattice method. The 50-vortex model
of the wake was edited to match the 18 spanwise panels on
the wing. Convergence studies in Ref. 1 indicate that the ex-
pected error in numerical evaluation of the Trefftz-plane in-
tegral with 18 panels is about 0.5%. Since the wing lift (cir-
culation) rather than angle of attack determines the wake
shape, the angle of attack of the panel model was adjusted to
match the lift coef� cient of the vortex – lattice model.

The computed span ef� ciency, e = , of this2C /pARCL Di

model was 1.035, almost 5% higher than the expected value
based on the straight wake result, e = 0.99. To improve the
resolution of the wake shape, the 50-vortex wake model was
re-edited to create a model with 19 spanwise panels. This pro-
duced a computed e = 1.058. A second vortex – lattice wake
model was then generated with half the time-step size, again
to improve the resolution of the wake shape. A 19-panel rep-
resentation of this wake produced a computed e = 1.082, 9%
higher than the expected value. The small change in wake
shape that produced this large change in computed span ef� -
ciency is shown in Fig. 1. Evidently, the drag computed in the
Trefftz plane is highly sensitive to details of the wake shape.

One possible source of error in wake shape is the approxi-
mation of the wing � ow� eld inherent to the vortex – lattice
method. The wake shape is determined from velocities induced
by the bound and trailing vortex systems, but vortex – lattice
methods have velocity singularities at the panel edges, and the
velocities are correct only at the control points. Signi� cant
velocity errors exist at other points in the � eld, particularly at


